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ON MOTIONS ASYMPTOTIC TO TRIANGULAR POINTS OF LIBRI}TION OF
THE RESTRICTED CIRCULAR THREE-BODY PROBLEM

A.P. MARKEYEV and G.A. SHCHERBINA

The problem of the trajectories, asymptotic to the equilibrium positions
of an autonomous Hamiltonian system with two degrees of freedom, is
studied, in the case when the characteristic equation has pure imaginary
roots. The results are used to find all the motions, asymptotic to the
triangular points of libration, stable to a first approximation of the
plane circular restricted three-body problem.

1. Formulation of the problem. The circular three-body problem admits of five exact
particular solutions, namely the points of libration I; (i =1,2,...,5), for which the relative
distances between the bodies are constant /1/. In stellar mechanics and its applications,
there is great interest in the natural families of solutions of the equations of motion, for
which the configuration formed by three moving bodies under the influence of forces of mutual
gravitational attraction when there are no active control forces, tend asymptotically, as
{-> - o0, to configurations corresponding to points of libration.

A particularly important case for applications is the plane circular restricted three-body
problem. The motions of a body of infinitesimal mass, asymptotic to the rectilinear points
of libration L;,L,, Lz of the problem, were studied in detail in /2-5/; the motions asymptotic
to the triangular points of libration (TPL) L, L; for values of the parameter p satisfying
the condition 27u (1 —p) >1, were studied in /4-7/ (if the sum of the masses of the main gravi-
tating bodies is taken as unity, when p is the mass of the lesser one).

The analysis in /2-7/ is based on the theory of asymptotic motions developed by Lyapunov
and Peincaré. This theory gives the sufficient conditions for the existence of asymptotic
motions and a constructive means of obtaining them in the form of series. ©One of the basic
conditions for it to be applicable is that there exist in the linearized system of equations
of the perturbed motion at least one non-zero characteristic number. This condition is
satisfied in /2-7/.

If we have

0<2Tp(l —py<i (1.1)

the roots of the characteristic equation of the linearized system of the perturbed motion in
the neighbourhood of the TPL are purely imaginary. Hence the characteristic numbers are zerc
for p which satisfy (1.1) (the stability condition for L, and L, to a first approximation),
and the Lyapunov and Poincaré theory of asymptotic motions is not applicable.

In the present paper we solve the problem of the motions, asymptotic to the TPL, of a
body of infinitesimal mass in the plane circular restricted three-body problem for values of
the parameter p in the domain (l1.1). The solution is based on our study in Sect.2 of the
problem of the existence and construction of the solutions, asymptotic to the equilibrium
position, in the autonomous Hamiltonian system with two degrees of freedom in the case when
the characteristic equation has purely imaginary roots.

2. On the asymptotic motions of an autonomous Hamiltonian system with two
degrees of freedom. Consider the system of differential equations

dgy dH dp; dH .
Tz—ﬁ:’ &= ag, i=12) .49

We shall assume that the origin ¢, =¢gy=p;, =p, =0 is a solution of this system, and
that the Hamiltonian can be written as a convergent series in its neighbourhood

He=H,+H;+H,+...+Hy+ ... (2.2)
where Hyis a form of degree k in ¢y, gy, P1» P2 with constant coefficients.
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System (2.1) has the energy integral H (qy, ¢s, p, Ps) = k. It is obvious that h =0 in
motions asymptotic to the origin, i.e., the asymptotic trajectories (if they exist) must lie
at the zero energy level H =0.

If the Hamiltonian (2.2) is of fixed sign, it can be zero only at ¢; = p; = 0 (i =1, 2),
so that in this case there are no solutions of (2.l) which are asymptotic to the origin.

Now let H, (and hence H also) be of alternating sign, let the linearized system (2.1)
with Hamiltonian H, be stable, and let the roots --ie,, 4-iw, of the characteristic eguation
be purely imaginary and distinct (@; > ®, > 0). In this case, given a suitable choice of
variables ¢;, p;(j=1, 2) (realized e.g., by the Birkhoff transformation /8/) the expansion
(2.2) can be reduced /1/ to the following normal forms:

a) with third-order resonance (®; = 20,)

H = o — oy + yyra¥ 1y + O, (2.3)
b) with fourth-order resonance (0; = 3w,)
H = o1y — 051y + cony® + enamyry + €oats? + %7V 1ary -+ Oy 24

c) when there is no resonance up to and including the fourth order (o; % @ 2@, 30,)
H = @iy — @7y -+ eaehy® + ety + coah? -+ O (2.5)
Here,
g =V 2rysing;, p;=V2r;cosg;
%= oysin lg; + (1 +7) gol + Bicos oy + (U +/) @] (G=1,2)

and aj Py, cxy are constants; 0, and O, denote series in powers of ¢; p; starting with terms
of not lower than the fourth and fifth orders respectively.

Since motions asymptotic to the origin are only possible at the isoenergetic level H =0,
this is the level that we consider. Solving the equation H =0 for r;, we obtain:

a) with ©; = 2w,

ry = —K (1, 01 @;) = 2ry + 20,7000 Vs + KD (ry, 013 92) (2.6)
b) with o; = 30,

rg = —K (r, 13 @) = 3r; + 057! leag + 3eyy + 90 + 3V Bal 12 + KO (ry, @13 @) 2.7)

c) with o; % @, 20,, 30,

D
== K 05 90)= z_:rl + o nt+ K, (/2 {re @15 92) 238

— 2
D = cy00,% + €13010; + Cop0,°

The functions K (r, 15 @) in (2.6)-(2.8) are periodic in ¢, and ¢,, while KO, K®
denote terms of not lower than order [ in T1y.

The equations of motion at the level H = (0 (Whittaker's equations /9/) have a canonical
form with Hamiltonian K (ry, ¢;; @s); the roles of momentum and coordinate are played by © and
¢; respectively, while the independent variable is @,.

It follows from the equations of motion corresponding to Hamiltonians (2.3)-(2.5) that

dq)zldt = —W, + () (rlv Ty @y, ‘Pz) (2‘9)

where, as r, +r,— 0, the function ® tends to zero uniformly with respect to @; and ¢, In
a sufficiently small neighbourhood of the origin, ¢, is a monotonically decreasing function
of time, so that, in the problem of the motions, asymptotic to the origin, ¢, plays the role
of (—1t).

If there are no resonances up to and including the fourth order and we have

D0 (2.10)

or if there is the resonance ®, = 3w, and we have
| €30 + 3eyy + 9cop | >3 V3 (2® + BoY) (2.11)

then the origin r; =0 (of the plane with polar coordinates V 2r,, ¢,} is surrounded by
invariance curves arranged arbitrarily close to the point r;=01[1,10]. In these two cases,
therefore, there are no trajectories, asymptotic to the origin; otherwise, the uniqueness of
the solution of the Cauchy problem for differential Egs. (2.1) would be violated.

Below we consider the problem of the asymptotic solutions in the case of resonance
o =20, with o+ 250, and also in the case of rescnance ©, = 30y when inequality
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(2.11) holds with the opposite sign. Notice that in these, as distinct from the previous two
cases, the equilibrium positien g¢;=p;=0 (f=1,2) of system (2.1) is unstable /1/.

Thus, let ®©; = 2@,. The equations of motion at the level H =0 will be canonical with
Hamiltonian K given by {(2.6)., Assuming that o, + §,® % 0, we make the change of variables
ry, @10, 0 in accordance with the relations

2
=G 020, -0, r="gro" (>0 2.12)

: . &y e B — 2 2
singy =— >, coso=——¢—, 8= Va2 B

[

We can regard p,8 as polar coordinates in the Oy plane:

z=pcosB, y=psin8 (2.13)
In the new variables the equations of motion become
B PO+ O(p 6 g)r 2 =G (8) + R(p, 6 ¢o) (2.14)
dgs P P19 @) G =P P Y @ .

(F (8) = —3sin 8, G (8 = cos )

where the functions @ and R can be written as series, convergent in a neighbourhood of the
origin, in powers of p with bounded coefficients, periodic in @ and ¢, , where the series
start with terms of not lower than the second and third respectively.

We can apply to system (2.14) the results of /11-13/ concerning the behaviour of the
trajectories of two differential equations in the neighbourhood of a singular point. The
fact that the right-hand sides of the equations considered in /11-13/ do not contain the
independent variable explicitly proves to be of no importance here, since, to apply these
results, it suffices that, for some &>0, the functions © and R tend to zero as p—>0
faster than p'*® and p*** respectively, and that this convergence be uniform, not only with
respect to the variable 8, but also with respect to @, This condition is satisfied for
system {2.14).

On repeating almost exactly the arguments of /11-13/, we find that the trajectories of
system (2.14) can enter the origin only along the directions given by the angles 8 =8,
where 8, is a root of the equation F (0) = 0; if 0, is a root of odd multiplicity and GdF/d8
is negative fpor 0 = 0,, then there is a unique integral curve entering the origin in the
direction 6 = 8,. )

Using the expressions for F and G, we find that system (2.14) has precisely two asymp-
totic trajectories, entering the origin: one at an angle 8, =n as ¢,-> 4 oo, and the other
at an angle 8, =0 as @, — oo.

The behaviour of the trajectories of system {2.14) in the neighbourhoed of the origin
is shown in Fig.l. The direction of the arrows corresponds to increasing ¢, (i.e.,decreasing
t).

The analyic form of the asymptotic trajectories can be found by passing in system (2.14)
to Cartesian coordinates 2,y in accordance with (2.13) and applying the results of /14/,
Chapter 3, Sect.3 to the transformed system. We find that the solutions of system (2.14),
corresponding to the asymptotic trajectories, can be written for sufficiently large values
of |@,| as series in powers of g,7}, ¢, where ¢ is an arbitrary constant. As [@,|-—>o0, z
and y have order |g, | %

Using the solutions p {9, ¢), 8 (g5, ¢) of system (2.14), we can obtain from (2.12) and (2.6)
expressions for r, ¢, and r, in terms of the variable ¢, and the arbitrary constant ¢. On
substituting these expressions into (2.9), we can then find the dependence of ¢, on the time
t by means of a gquadrature. Thus, a further arbitrary constant appears. In short, the ex-
pressions for the asymptotic solutions inthe initial variables gy p; (j = 1,2) contain two
arbitrary constants.

To find the asymptotic solutions approximately, we use the eguations of motion with
Hamiltonian (2.3), where we discard terms of higher than the third order in g; p; (j = 1, 2).
We then find that the solutions, asymptotic as f£— =+ o0 to the origin g¢;=p; =0( =1, 2),
of system (2.1) can be written approximately as

gy = Pt cos 2y + 0y), g = — VE‘FF sin %, (2.15)
Py = Fhtsin (2 + 0y), py = ]/2‘1’1* €O8 %,
Py =, Ry =@yt +- ¢y

TI1xravar
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Fig.l1 Fig.2
Here we take simultaneously either only the upper, or only the lower, signs; c¢;, ¢y (c; > 0)
are arbitrary constants.
Now let there no no third-order resonance, but let us have fourth-order resonance ; = Jw,

and inequality (2.11) with the reverse sign. We introduce into the canonical equations with
the Hamiltonian K of (2.7) the new (non-canonical) variables in accordance with

¢1=%+02—3%—6, "1=6*l/ug-—62—92 (p>>0)

sin 6, = —ay/8,, cos 0, = —Pu/8,, 8, = Va? + B,

In the new variables the equations of motion at energy level H =0 will be

do df
s =0T O) + 00, 00, 5 -=0'G(0) + R(p, 0; 7) (2.16)
(F (6) =siny — sin 0, G (8) =
1 _ s €0 4 3en 4 9eon
— 08 68, y=arcsin —vss V35 )

where 8 and R are analytic functions of p in the neighbourhood of the origin, whose series
expansions have bounded coefficients, periodic in 8 and @, and start with terms of not lower
than the third and fourth orders respectively.

In the same way as in the above case of third-order resonance, we can apply the results
of /11-14/ to system (2.16). We find that it has just two asymptotic trajectories, entering
the orign: one at an angle 8, =% —9y as ¢,— - oo, and the other at an angle @,=17v as
@, —> —00. As |@y|— oo, z and y have order |@, |7+, The behaviour of the trajectories in
the neighbourhood of the origin is shown in Fig.2 (we take ¢ > 0).

In the initial variables t,q; p;(j = 1,2) we have two two-parameter asymptotic solutions,
tending to the origing; = p; = 0 (j = 1, 2). Wwe obtain their approximate expressions from the equations
of motion with Hamiltonian (2.4), in which we neglect terms of the fourth order and above in
gj, p; (j =1, 2). wWe have

g = £t cos By + 02 F V) @ = — Yg‘l’zi 8in %y (2.47)
P = Tt sin By + 03 F7), P = V3‘P2:t €0S %y

Pt = _]./_1}%1—7 y Sw,=ot+oln(1tnet)+c
HCy

%=3Y73 b,c087, 0=}3 2

-+ ey —3eo2
68, cos y

Here, we take simultaneously either only the upper, or only the lower, signs; ¢, ¢ (¢ >
0) are arbitrary constants.

Combining our results, we obtain the following theorem on the solutions of system (2.1),
asymptotic to the origin as t—> o4 oo

Theorem 1. 1If the Hamiltonian H is of fixed sign, there are no asymptotic solutions. If
H is of alternating sign, and the roots of the characteristic equation of the linearized
system (2.1) are purely imaginary Jiw,, 3-iw,, then 1) when there are no resonances up to and
including the fourth order (w, #= @, @, 7= 20, ©; 7= 30,) and we have

2
C0®p” + €130,05 + 0> %~ 0,

or if there is a fourth-order resonance o, = 3w, and we have

| €30 + ey + 9¢oa | > 3V 3 (2 + B (2.18)

there are no asymptotic solutions; 2) if there is third-order resonance @, = 2w, and we have
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o + By £ 0y

or if we have fourth-order resonance ®; = 3@, and we have the reverse inequalities to (2.18),
there are just two two-parameter asymptotic solutions as described above, and there are no
other asymptotic solutions.

3. Motions asymptotic to triangular points of libration (TPL). 1Let § 7 be
the coordinates of a body of infinitesimal mass in the Cartesian coordinate system L, n with
origin at the libration point L,; the L, axis is in the direction of the line from the body
of greater finite mass to the body of lesser finite mass, while the direction of shortest
rotation from L, to L,q is the same as the direction of rotation of the bodies of finite
mass. The length and time measurement units are such that the distance between the finite
masses and their angular velocity of rotation along the circular orbits about the common
centre of mass are unity.

For values of the parameter p of domain (1.1), the Hamiltonian (2.2) of the plane circular
restricted three-body problem is of alternating sign, and the roots of the charactersitic
equation of system (2.1), linearized close to L,, are purely imaginary and distinct: +ioy,
“+iw, (0 > 03 >0) /1/. For the two values of p of domain (1.1):

B =Y, —V 1833/90, p, = Y, — ¥ 213/30 (3.1)

we have third-order (o, = 20,) and fourth-order (w,= 3w,;) resonance respectively.

In domain (l.1) the TPL are Lyapunov stable for all p except p, and W, at which we have
instability /1/. On the basis of this result and the symmetry properties of the equations of
motion, it was shown in /4/ that, for p of (1.1) not equal to values (3.1), there are no
motions asymptotic to TPL in the circular restricted three-body problem. The same conclusion
(without using the symmetry properties) can be obtained by using Theorem 1. Admittedly,
Theorem 1 then has to be generalized to the case when condition (2.10) is violated (which is
possible in domain (1.1) /1/). This generalization is similar to that given in Chapter 4 of
the book /1/ of the Arnol‘'d~Mozer theorem on the stability of the equilibrium positions of an
autonomous Hamiltonian system with two degrees of freedom.

On the basis of Theorem 1, we consider the problem of the motions, asymptotic to the TPL,
of a body of infinitesimal mass at the resonance values (3.1) of the parameter p. Using the
approximate expressions (2.15) and (2.17) of the asymptotic solutions, and the expressions
for linear normalization and the numerical values of the coefficients of normal forms (2.3)
and (2,4) of the Hamiltonian (/1/, Chapter 7, Sect.4), we find that, at third-order resonance
®, = 20, (0 = 1), the motions of the body of infinitesimal mass are given by

E =1 (—4,273 sin ¢ + 2.326 sin 2¢ TF 0.524 cos 2¢) + . . . 3.2)
1 =1 (2.156 sin ¢ — 1.560 cos ¢ = 0.635 sin 2¢ 4-
1.576 cos 2¢) 4+ . ..
3 Vs
Y= 1omer ¢=-5 ¢+

Here, the upper sign refers to the motion, asymptotic to L, as ¢-» +o0, and the lower,
as l—»>—oo,

Similarly, at fourth-order resonance ®; = 3@, (b = pg), for the motions asymptotic to I,
as t— + o0, we have

t =1 (—7.466 sin ¢ — 1.411 sin 3¢ 4+ 2.512 cos 3¢) + . . . (3.3)
1N =1 (4.015 sin @ — 2.009 cos ¢ — 0.947 sin 3¢ —
1.858 cos 3¢) + . . .

¢=VT+2;.2L%71¢T’ o=Y1T ¢ — 0.0611n(1 -+ 22.9040) + P

and for the motions, asymptotic to Lgjas ¢—» — o0

E == (—7.466 sin ¢ -+ 0.434 sin 3¢ — 2.848 cos 3¢) + . .. (3.4
n =1 (4.015 sin ¢ — 2.009 cos ¢ + 1.541 sin 3¢ +
1.404 cos 3g) + . . .

“’=W_—£9—4Jz?’ o= YTt 1 0.0611n(1 — 22.904a%%) + B

In {3.2-(3,4), @ and P (@ >0) are arbitrary constants, while the dots denote terms of
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order a® of higher.
We have thus proved:

Theorem 2. In the plane restricted circular three-body problem, for values of the par-
ameter p from domain (1.1l), trajectories asymptotic to the triangular libration point L, exist
only when p=pn; and u==p,. These trajectories are given by (3.2)-(3.4); there are no
other asymptotic trajectories to L,.

The asymptotic trajectories (3.2)-(3,4) twist in a spiral fashion at the origin, i.e.,
at the libration point L;. The trajecories asymptotic to L, can be found from (3.2)-(3.4)
by using the symmetry properties of the equations of motion given in /4/.
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